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Let V be any vector bundle over the sphere S” which is associated to the prin- 
cipal bundle of oriented orthonormal frames, or to that of spin frames. We give an 
explicit formula for the spectrum. with multiplicity, of the Bochner Laplacian V+V 
on V, where V is the Riemannian or Riemannian spin connection. In the case of 
tensor bundles, we also give the spectrum of the Lichnerowin Laplacian. The elTect 
of natural first-order differential operators on the corresponding eigenspaces is 
investigated, and all results are illustrated in a detailed treatment of some examples: 
the bundles of ditTerential forms, spinors, trace-free symmetric tensors, and 
algebraic Weyl tensors. 1 1992 Academic Press. Inc 
1. INTRODUCTION AND PRINCIPAL RESULTS 
In a recent paper, Folland [Fo] studies the differential form bundles 
over the sphere S”, using the representation theory of the special 
orthogonal groups to give explicit formulas for the eigenvalues of the form 
Laplacians 6d + dS, and for the multiplicities of these eigenvalues. He also 
gives a geometric description of the eigenspaces, and determines the effect 
of the first-order operators d and 6 on them. Questions of this type were 
also treated in [GM, pp. 282, 283; IT, Sects. 4, 63, and, for the case of odd 
n, in [R, Sect. 33. In this paper, we generalize these results by computing 
the spectrum of the Bochner Laplacian V*V on any tensor-spinor bundle 
over S” (Theorem 1.1 below). We also give the spectrum of the 
Lichnerowicz Laplacian of any tensor bundle (Theorem 2.1), and derive 
some information about the effect of natural first-order differential 
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gratefully acknowledges the services of the University of Iowa Center for Advanced Studies. 
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operators (generalizing d, 6, and the Dirac operator) on eigensections of 
our Laplacians. 
We begin by reviewing some standard material. Given any oriented, 
Riemannian spin manifold X of dimension n 2 3, one has the principal 
SO(n)- and Spin(n)-bundles of oriented orthonormal and spin frames. We 
use P (resp. M) as a common abbreviation for these frame bundles (resp. 
structure groups). If (V, n) is a finite-dimensional representation of M, one 
can form the associated uector bundle P x, V; this will be irreducible as 
an M-bundle if and only if (V, n) is an irreducible representation. The 
irreducible, finite-dimensional representations of SO(n) are parameterized 
by dominanr weigh& vectors i. in Z’, I= [n/2], with 
A, 2 ... 21,209 n odd, 
I., z ... >,).,-I 2 141, n even. 
(1.1) 
The irreducible, finite-dimensional representations of Spin(n) which do not 
factor through SO(n) are parameterized by vectors 1. E (i + Z)’ satisfying 
(1.1). The representation corresponding to the dominant weight i. and its 
associated M-vector bundle will both be called V(J). When writing domi- 
nant weights, we sometimes omit terminal strings of zeroes, and write, for 
example, a string of k ones as I,. Both the tangent and cotangent bundles 
are M-isomorphic to V( I ), and the differential form bundles are 
Ak+A”-“z,+, v(l,), k -C n/2. 
If n is even, there is a splitting A’= A: @A’- into + 1 eigenbundles of 
(J-r)‘*, where * is the Hodge star operator; these bundles are 
If n is odd, the bundle of spinors is ,?I zM I’(($),); if n is even, there is 
a splitting Z = Z+ 0 Z- into positive and negative spinors ( + 1 eigen- 
bundles of 5 = (J-1)“‘” + IV* y1 . . . y”, where 7 is the fundamental tensor- 
spinor and the indices are relative to a local oriented orthonormal frame); 
here 
The trace-free, symmetric, covariant p-tensors are just TFSP gM V(p), and 
the algebraic Weyl tensors (traceless tensors with the symmetries of the 
Riemann curvature tensor) are 
V(2,2) 0 V(2, - 2), n = 4. 
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The reducibility of -W when n = 4 may be seen as a consequence of the fact 
that %” is a subbundle of the symmetric tensor square of A’, which splits 
as A2 zM V( 1, 1) $ V( 1, - 1) in dimension four. The Riemann curvature 
tensor of the metric is a section of A0 @ TFS’ 0 ry‘, and the summands are 
represented respectively by the scalar curvature, the Einstein (trace-free 
Ricci) tensor, and the Weyl conformal curvature tensor. 
The natural first-order differential operators to consider in the setting of 
irreducible bundles are the gradienrs and Diruc operutors [SW], which 
arise when the covariant derivative V is compressed to act between 
irreducible bundles. Restricted to V(A), the covariant derivative is an 
M-equivariant differential operator 
v:c3c(v(;.))+c~-(v(1)@v(i)). (1.2) 
The bundle on the right in (1.2) need not be irreducible; in fact, it never 
is unless ). = (0). Indeed, 
Ul)O V(j.)zM 0 V(P), (1.3 
p . . i 
where p +-+ i if and only if p is a dominant weight and either ( 1.4) or ( 1.5 
holds: 
p=j.+e,, some UE { 1, . . . . I), (1.4) 
n is odd, i,#O, p =i.. (1.5) 
Here e,=(O,. ,, 1, O,-,). (See, e.g., [Fe, Theorem 3.41.) Note that the con- 
dition 1. HP is symmetric in i. and p. Since all summands in (1.3) occur 
with multiplicity one, it is legitimate to speak of the projection Proj,,: 
V( 1 )@ V(i) -+ V(n) and the operators 
D+ = Proj,, VI v(i). 
Note that the leading symbol of D,, is a,(D,,)(<)=fl Proj,(r@.), 
where 5 is an indeterminate cotangent vector. Some examples are (up to 
constant factors) the exterior derivative d and coderivative 6 on differential 
forms (restricted or projected to eigenspaces of the Hodge * if the middle 
order is involved), the Dirac operator !$ on C’=(C) if n is odd, the Dirac 
operators v, : C”(Z, ) + C “(Z T ) if n is even, and the Ahlfors operator 
S: C “( V( 1)) + C “( V(2)) of elasticity and quasiconformal theory. By con- 
struction, all gradients are M-equivariant, and invariant under isometries 
which preserve orientation and spin structure. 
We now specialize to the case where X is the sphere S” with its standard 
metric, orientation, and spin structure. To bring the representation theory 
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of the rotation and spin groups into the picture, we view A’ as the 
homogeneous space SO(n + 1 )/SO(n) = Spin(n + 1 )/Spin(n); that is, as 
K/M, where K is a common abbreviation for SO(n + 1) and Spin(n + 1). 
The left action of K on A’ is by orientation and spin structure preserving 
isometries, and the isotropy subgroup at any point is isomorphic to M. 
Given a dominant M-weight i, let I(i) denote the space of K-finite 
sections of V(;). Let ?X(K) be the space of dominant K-weights; these, of 
course, are just gotten by changing n to n + 1 in ( 1.1). Given a E T(K), let 
W(a) be the corresponding (isomorphism class of) K-module. By Frohenius 
reciprocity [W, Corollary 5.3.3.61, f(i.) splits into irreducible representa- 
tions of K according to 
I‘(i) zK @ m,, W(a), m,,, = dim Hom,+,( W(a), V(j.)). 
16 T(K) 
Otherwise stated, the multiplicity of W(a) as a summand in the K-module 
T(i.) is the multiplicity of V(%) as a summand in the restriction of W(z) to 
M. But by the classical branching rule (see, e.g., [Bo, p. 143]), m,,, is either 
Oor 1,andis 1 ifandonlyifa,-i.,EBand 
We use a 1 i. as an abbreviation for (1.6); thus 
f(A) zK @ W(a). 
112 
(1.7) 
Since V*V is a K-invariant operator, it is diagonalized by the splitting 
(1.7). Our main result is: 
THEOREM 1.1. In ( 1.7), the Bochner Laplacian V *V acts on the W(a) 
summand as multiplication by the constant 
(20+a,a).~-(2p+A,i,).,, (1.8) 
where L= [(n+ 1)/2], I= [n/2], tl,,=(n+ I -2h)/2 for h= 1, . . . . L, and 
p,, = (n - 2a)/2 for a = I, . . . . 1. The dimension of W(a) is 
dim W(a)= (1.9) 
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where 6 = x + 9 and 
n + 1 odd, 
n + 1 et‘en. 
If a 1 J. ++ p, but it is not the case that a 1 p, then the jkst-order differential 
operator D;,, annihilates the W(a) summand in ( 1.7). 
ProoJ The numbers (20 + r, toWL and C, = (2~ + i., i) R~ are, respec- 
tively, the values of the Casimir elements Cas, and Gas”, of the universal 
enveloping algebras of f=so(n + 1) and m = so(n) in the modules W(r) 
and V(J). Thus we would like to prove that 
(1.10) 
It will convenient to think of X both as the homogeneous space K/M 
and as the unit sphere in R” + ‘, with homogeneous coordinates x0, . . . . x,. 
When combining these viewpoints, we may take the origin to be the north 
pole: o = (1, 0, . . . . 0). In this proof, the summation convention is not in 
force; all intended summations are explicitly noted. The indices i, j will be 
understood to run from 0 to n, and the indices s, t from 1 to n. If cp and 
II/ are vector bundle sections, we write cp 2 II/ for q(o) = I//(O); and if D and 
E are differential operators on C”( V(A)), we say that D g E if (Dq)(p) = 
(Eq~)(p) for every cp E f(1.). g is an equivalence relation in both cases. 
Since the operators Cas, and V*V are both manifestly K-invariant, it is 
enough to prove (1.10) at the origin: 
{Cast-V*V}I,,,, $j C;,. 
Now the isometric vector fields on X (a copy of f) are generated by the 
L,,, where in homogeneous coordinates 
Since CL,,, Ljk] = L,, the L,, are an orthonormal basis of f in the nor- 
malized inner product b, = - B,/2(n - 1 ), where B, is the Killing form of f. 
(An advantage of this normalization for the Killing forms in the so(p) 
series is that br,,@, = b,, = - B,/2(n - 2)) Since K acts on X by isometric 
diffeomorphisms, the action of Cas, is given by the Lie derivative 9’: 
Cast = - C Yf,,. 
t-cj 
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(For a discussion of the effect of the Lie derivative on spinors, see [K].) 
The L,r, generate the isotropy subgroup M at o, the action of which 
coincides with the action of h4 as structure group, so 
The Y, = Lo,r, when evaluated at o, give an orthonormal basis of the 
tangent space X,, so 
v*v 2 -C(Vf-V,,:), (1.11) 
where V,r = V r,. But in homogeneous coordinates, 
v, Ys=6,,rxo do-x, G,y+ (6,,x;+x,x,,)v, 
where v is the outward unit normal; in particular, 
so VvIy, 2 0, and ( 
VY 20 , 5 9 
1.11) simplifies to 
(1.12) 
(1.13) 
For any vector field Z, the difference A(VZ) = 5$ -V, is a zeroth-order 
differential operator depending only on VZ by the symmetry of V; in fact, 
A may be viewed as a parallel section of the M-bundle Hom(T* 8 T, 
End V(A)), where T is the tangent bundle. Setting xr;p,= ,55’,,, and A,= 
A(VY,), we get 
Gas,-V*V-C, P C(Vf-9,“) 
=I PXY- 49,)+ (V,- Z..)V,J 
= -c {(?r+A,M+A.cV,} 
= -1 {2A,V,+ CV.v, A,l+Af} 
= -c {2A,v,+ A(V,(VY,))+ A;). (1.14) 
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By (1.13) the first and third terms on the extreme right in (1.14) vanish 
at o, so that 
Casr-V*V-C, 2 -A (zVJVY.l) 
But if {q,,f is the coframe dual to { Y,r} in a neighborhood of o, V,,q, 2 0 
by (1.13), so 
pswK) 2 c rl,ov,v, y.9 
c. I
=pLO(vty,+v,CL Yxl) 
5. I 
2 -~‘I,OV*VY,+~~,OVPL.~,. 
I c. I
Since VI.,, 2 0, V,rL,r, 2 [Lo,, L,,] = L,,, and the above simplifies to 
p,(vY,,) 2 p/,@(n-V*V) Y,. 
I I 
But working in homogeneous coordinates to iterate (1.12), we lind that 
VfY,=q((l -.Y~)6,,-.U,X,)do+XO(.Y,-X,s6,,)\’ 
-xg 2, + X”XrX, ?, 
(2 = -@ -L . or 9 
summing over s, this gives -V*VY, 2 -nY,, so that 
Cas, - V *V - C, 2 0, 
as desired for (1.7). 
(1.9) follows from Weyl’s dimension formula [W, Theorem 2.4.1.61, 
together with the observation that the positive roots off (which are just the 
positive weights of f as a K-module under the adjoint representation) are 
the e,+e, for 1 <a < b < L, and, if n+ 1 is odd, the e, for I <a< L, all 
with multiplicity one. 
Finally, D,, is invariant, by construction, under orientation and spin 
structure preserving isometries of a general oriented Riemannian spin 
manifold. Thus on A’, it is K-invariant. Since each W(a) is irreducible, 
Schur’s Lemma shows that the image under Di, of the W(a) summand in 
f(i) is either 0 or a copy of W(a); if f(p) has no W(a) summand, this 
image must be 0. 1 
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2. THE LICHNEROWICZ LAPI.ACIAN 
Return for the moment to the general setting of an oriented Riemannian 
spin manifold X. In [Ll, Sect. lo], Lichnerowicz introduces a differential 
operator A on tensor fields which commutes with the divergence V* and 
agrees with the LaplaceBeltrami operator Gd+d(i on differential forms, 
and for which A - V*V is a zeroth-order action of the Riemann curvature 
tensor. In fact, given a tensor field B= (B:) of type (1, 1), let B# be the 
(unique) pointwise derivation on the mixed tensor bundle which preserves 
types of tensors, commutes with contractions, annihilates scalars, and has 
(B # VI,= i B’,rl, (2.1) 
I I 
locally on cotangent vectors rl [ Br, Definition 1.1 and Remark 1.23. If V is 
any bundle of tensors, B# is a bundle endomorphism of V; more 
abstractly, # may be viewed as a parallel section of Hom(T@ T*, End V). 
Now the Riemann curvature tensor with all indices lowered, B = ( Rljk,), is 
among other things a section of the symmetric tensor square 
Symm A’@ A* of the two-form bundle A’, and thus may be written locally 
in the form 
R= f E,cp,Q(Pw (P,E c=-(n*), &“=*I 
u=l 
for some (finite) N. If i?= (R’,k,), then R= .?Yc,,@cP,, where the x = 
((cp,):) are tensor fields of type (1, 1). Comparison of the definitions in 
[ Ll ] and [Br] gives 
A-v*v= -&,((P,#)2. 
” 
There is, furthermore, a canonical identification cp I+ H(q) of the space 
of two-forms at a point with the structure Lie algebra m Leo, since 
(m, ad) gSocn, A’. If our tensor bundle V is associated to a representation 
n, (2.1) and the derivation property of # give (p # = n(H(cp)). (Tensor 
products of Lie algebra representations are defined by the derivation 
property.) This gives 
A -v*v= -7t (p”H((p,)+ 
\” / 
(2.2) 
where the symbol X, which originally stood for a representation of SO(n), 
has also been used for the corresponding infinitesimal representation of m 
and its extension to the universal enveloping algebra u(m). 
SRO, loc-7 
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Now specialize to the case of the sphere A’= S”, where 
R’ L , ,= g,,p - 8,” 8,. 
It is immediate from (2.2) that 
where {Z,, ) is any orthonormal basis of m; that is, that 
A-V*V=Cas;, 
Thus we have: 
THEOREM 2.1. Let i. he a dominant SO(n)-weight. In any tensor bundle 
representation of V(j.), the Lichnerowicz Laplacian A acts on the W(x) 
summand in (1.7) as multiplication by the constant (20 + u, CL)[~L; that is, 
This generalizes, for example, [IT, Theorem 4.21, which treats only the 
differential form bundles. We remark that (2.2) also makes sense for 
Spin(n)-bundles, and thus is a reasonable candidate for an extension of the 
definition of the Lichnerowicz Laplacian to tensor-spinors. On the sphere, 
the (extended) A reads the K-label r but not the (bundle) M-label i.; thus 
it clearly commutes with any K-map, and in particular, any gradient. 
3. DIFFERENTIAL FORMS 
For the trivial scalar bundle V(O), (1.6) and (1.7) give 
% 
f(O)s, @ W(j). 
i-0 
The Bochner and Lichnerowicz Laplacians agree, and the eigenvalues are 
Al cI,,,, = j(n - 1 + j). 
The easiest way to handle the dimension formula (1.9) for the multiplicities 
is to calculate quotients of dimensions. In fact, it will be useful to have a 
general formula for (dim W(/?))/(dim W(a)) when fi+-+a. By (1.9), if 
Q, o[ + eh E X(K), then 
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dim W(a + e,) 
dim W(z) 
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= Nz.,,.,r n (r,+r,-h-k+n+2)(a,-r,-h+k+l) (3.1) kf,, (%,,+a,-h-k+n+ ‘)(a,,-a,-h+k) ’ 
where 
2r,, - 2h + n + 3 
2a,-2h+n+ 1’ 
n+ 1 odd, 
N x,h.n = 
‘7 n + 1 even. 
In particular, 
dim W(j+ 1) (n+j- l)(n+2,j+ 1) 
dim W(j) = (j+ l)(n+Zj- 1) ’ 
so that, since dim W(O)= 1, 
The W(j) summand, of course, consists of the spherical harmonics of 
degree j. The only gradient from V(0) is V: CJL( V(0)) + Ca( V(1)); since it 
is not the case that (0) E X(K) I(1 ) E .‘x( M), the last part of Theorem 1.1 
just requires that V annihilate the constant functions W(0). 
Consider now the p-form bundle V( 1,), 1 < p < (n - 2)/2, with K-finite 
sections 
f(l,)= & WI + j, l,- ,)O 6 W(1 +j, lP). 
i-0 /=o 
By the last part of Theorem 1.1, d annihilates the W( 1 + j, 1, , ) 
summands, and 6 annihilates the W( 1 + j, I,,) summands. By the Hodge 
Decomposition Theorem and the fact that there are no harmonic forms 
except in the bottom and top orders 0 and n, these summands make up 
A!(d) and W(6), respectively. The gradient S, to V(2, l,- ,) annihilates the 
two j = 0 summands (the bottom da and 6d eigenspaces). By Theorem 2.1, 
Al WI + /. IpI =6dIwc,, ,.I,,=j(n+i+ l)+(p+l)(n-p) 
= (j + p + 1 )(n - p + A, 
(3.2) 
Al t+TI t I. 1, I I =dSl Wl+,.I,-I) =j(n+j+l)+p(n-p+l) 
=(i+pNn-p-t j+l), 
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where A=6d+dd. By (3.1) 
dim W(2+j, I,)-(n+.j+ l)(p+j)(n-p+j+ l)(n+2.j+3) 
dim W(1 +j, l,)-(n-p+j+2)(j+ l)(p+.j+ l)(n+2j+ 1)’ 
and similarly for (dim W(2 + ,j, 1, ,))/(dim W(1 + j, 1, ,)). Since 
dim W(1 p+ ,)=(;:‘lL 
and similarly replacing p with p - 1. 
If n is odd and p = I= (n - 1)/2, the K-finite section space is 
where 
Z,= W(l+j,l,)OW(l+j,l,-,, -1). 
The first summand in (3.4) is .9(d) and the second W(6). This last state- 
ment is not entirely immdiate, as d maps r( 1,) to itself, but it follows from 
the fact that there are no harmonic (I- I)-forms (except the constants 
when n = 3). S, annihilates the j= 0 summands. With the obvious adjust- 
ment, (3.2) still gives the spectrum of the Laplace-Beltrami operator: 
Al W(1+,.,,)=6dlwcI+/.1,, =j(n+j+l)+(I+l)‘=(j+f+l)(n-p+I), 
Alz,=diSIz,=j(n+ j+ 1)+1(/+2)=(j+I)(n-I+ j-t 1). 
(3.3) is still valid with I- 1 in place of p, but since dim W( I,, f 1) = 
i( Cn”,‘,:,z), the quantity gotten by substituting I for p in (3.3) is 
2dim W(1 + j, 1, ,, k 1). 
If n is even, 
is R(d, ) = .9(6 f ), where d, = ProjAr and similarly for 6 * . (3.2) still gives 
the spectrum j(n + j-t 1) + 1(1+ 1) of’d (though the assertions there about 
.9(d) and a(6) no longer hold), and (3.3) gives the eigenvalue multi- 
plicities. The gradient 
S/+:C”(l ,-I, *l)-C”(2,1, 2, fl) 
annihilates the j = 0 summands. 
HARMONIC ANALYSIS IN VECTOR BUNDLFS 325 
Of course, we need not treat the cases p > n/2, since the Hodge *, as a 
K-operator commuting with A, preserves the spectra and multiplicities of A. 
Note that * also interchanges W(d) and W(6), since 6 = ? * d *. 
Though we have worked here in terms of the Laplace-Beltrami operator 
A = 6d + d6, Section 2 shows that when operating on p-forms, the Weitzen- 
hijck operafor A -V*V is just multiplication by the constant p(n - p). 
4. SPINORS 
The K-finite sections of the spinor bundles are 
l-(Z) = & (Z/+ GM,- ), z/+ %K w;+j, cf, ,..I, +:,, n odd, 
, = 0 
(4.1) 
I-(z‘,)= I$ Zf, z: SK w;+.i (f,, 1). n even. 
/=o 
Let p be the Dirac operator (on C”‘(z) if n is odd, Ca’(z+ @I-) if n is 
even). The scalar curvature of S” is ‘I = n(n - I), so the Lichnerowicz 
formula [L2] gives 
Now Cas, assigns the value n(n - I)/8 to the spinor bundles, and Cast 
assigns the value 
to the K-modules Zjt. Thus the Bochner Laplacian acts on Z,* as multi- 
plication by the constant 
(n+j-;)(j+f)-F, 
and the square of the Dirac operator acts by 
(n+j-:)(j+i)+v=(i+j)‘. 
By (3.1) (dim Z,!+ , )/(dim Zf ) = (n + j)/(j+ 1), so since dim Zz = 2’, 
dimZ: =(“-:.+‘)2’. 
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Thus we have complete information on the spectra of the natural 
Laplacians in this setting, V*V and Vb’. 
By (1.4) (1.5), the gradient “targets” for the spinor bundles z‘ (n odd) 
or 2‘ , (n even) are 
2‘. v;. (;I, I), n odd, 
z: > u;, cf,, 2, *;,, n even. 
We shall call the corresponding gradients D,,?, D,., if n is odd, and Dcz, 
D& if n is even. By the last part of Theorem 1.1, D, z and D& are obliged 
to annihilate the relevant j= 0 summands in (4.1 ). D,;2 and D& are known 
to be constant multiples of the Dirac operators V and V + -Viz- 
[SW, Fe]. Thus if (P, D) = (V, D,,) (n odd) or (V-, D:?) (n even), there 
is a positive constant II’ for which 
a'P=+D*D=V*V, (4.2) 
P’=V*V+n(n- 1)/4. (4.3) 
Looking at the effect of each side of (4.2) on a j= 0 summand in (4.1), we 
get uz = ljn. Solving the system (4.2) (4.3), we find that 
D*D=${V*V-a}. 
Thus D* D acts on ZT @Z, as multiplication by (n - 1) j(n + j)/n. 
Now (4.2) holds in arbitrary Riemannian spin manifolds, and the 
constant a is universal, since it is determined by the leading symbols of 
universal operators. Thus by the Lichnerowicz formula, 
~p~=vfV-L 
4(n - I ) 
in a general Riemannian spin manifold. This formula is important mainly 
because it implies that the right side is positive semidefinite, a fact which 
is much used in the theory of harmonic and parallel spinors. 
5. TRACE-FREE SYMMETRIC AND ALGEBRAIC WEYL TENSORS 
The trace-free symmetric p-tensors split up as 
UP)ZK 6 0, Wp+j,4) 
y=o,=o 
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if n 2 4. When n = 3 and q # 0, we must replace W(p + j, q) by 
~(p + j, q) @ W(p + j, -4). By Theorems 1.1 and 2.1, the Lichnerowicz 
Laplacian acts on the W(p + j, q) summand as multiplication by 
and the Bochner Laplacian acts by 
p( 1 + j) + j(n - 1 + p + j) + (n - 3 + q)q. 
(Note that these formulas are good even if n = 3 and q < 0.) 
The gradient to V(p+ 1) must annihilate the j= 0 summands, and the 
gradient to V(p - 1) must annihilate the q = p summands. If n 24, the 
gradient to V( p, 1) (and the gradient to V( p, - 1) if n = 4) must annihilate 
the q = 0 summands. 
The algebraic Weyl tensors in dimension n 2 6 split up as 
r(2,2)zK & 6 WQ+j.Lq). 
y = 0 , = 0 
If n = 5 and q # 0, W(2 + j, 2, q) must be replaced by W(2 + j, 2, q) 0 
W(2+ j,2, -4). If n=4, 
1’(2, +2)z, & W(2+j, 2). 
, = 0 
In any case, the Lichnerowicz Laplacian acts on the summand with 
parameter (q, j) as multiplication by 
(n+ 1+ j)(2+j)+2(n- l)+q(n-5+q), 
and the Bochner Laplacian acts by 
(n + 1 + j)(2 + j) - 2(n - 1) + q(n - 5 + q). 
The gradient to V(3, 2) (and the gradient to V( 3, -2) if n = 4) must 
annihilate the j= 0 summands. If n > 5, the gradient to V(2, 1) must 
annihilate the W(2 + j, 2,2) summands (and the W(2 + j, 2, -2) sum- 
mands if n = 5). If n > 6, the gradient to V(2,2, 1) (and the gradient to 
V(2,2, - 1) if n = 6) must annihilate the q = 0 summands. 
The multiplicity formulas in the cases of the trace-free symmetric and 
algebraic Weyl tensors, though straightforward from ( 1.9) or (3.1), are 
somewhat indigestible and unilluminating, so we omit them. 
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6. REMARK 
It is entirely possible that a Bochner (and thus Lichnerowicz) Laplacian 
eigenvalue is shared by more than one irreducible K-module in the decom- 
position (1.7); in fact this can happen rather systematically. Let n = 7, and 
consider the linear transformation 
I1 1-1 
AZ; i: 11-I I -1 1 1 I -1 I  I r 
on the Spin(g)-weights Z4 u (i + Z)4. A is an orthogonal matrix which 
preserves the set S of dominant Spin(g)-weights and fixes 8, so Cas, 
assigns the same value to W(a) and W(Acx). But given x E 9” with i, E Z 
and Zi.,, even, or with i.,, E i + Z and 2‘1, odd, one easily sees that for all 
sufficiently large OE N, there exists a dominant Spin(7)-weight i with 
r + ~0, Aa + atI 1 i.. The Bochner (or Lichnerowicz) Laplacian of V(j.) 
assigns the same value to W(a + 00) and W(Ar + af3), and these K-modules 
are generally different: the condition for Aa = a is rz + 2) = r, + x4. 
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